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Abstraet~ln this paper a transient free convection flow from a sphere which is embedded in a porous 
medium has been considered. The temperature or heat flux of the sphere is suddenly raised and subsequently 
maintained at constant values over the surface. The coupled governing equations of the Darcy flow and 
energy are solved numerically for both small and large values of the Rayleigh number using a classical 
finite-difference method. Transient and steady-state flow and temperature patterns around the sphere are 
discussed in detail and a comparison of the overall Nusselt number with some earlier results shows very 

good agreement. Copyright ~ 1996 Elsevier Science Ltd. 

1. INTRODUCTION 

Buoyancy-driven flows in fluid-saturated porous 
media occur in many practical applications and have 
been studied extensively during the last three decades. 
Nield and Bejan [1] and Nakayama [2] cite a number 
of  specific examples ranging from natural processes 
to those of  technological importance. Recently, the 
technical interest in convective heat transfer in porous 
media has exploded and this is probably due to its wide 
range of  applications in contemporary technologies, 
such areas as the thermal insulation of  buildings, 
nuclear energy systems, the storage of  grain, fruits 
and vegetables, in petroleum reservoirs and catalytic 
reactors. 

Studies of  flows associated with a bodyembedded  
in fluid-saturated porous media have mainly been con- 
centrated on flat plates, cylinders and spheres. Yama- 
moto [3] was the first to consider the problem of  steady 
natural convection around an isothermal sphere in 
a porous medium. He obtained series solutions for 
Ra << I, where Ra is a suitably defined Rayleigh 
number. Subsequently, Merkin [4] and Nakayama 
and Koyama [5] considered the flow in the limiting 
case of  Ra --* or, i.e. boundary-layer approximation, 
whilst Pop and Ingham [6] studied both the cases of 
small and large values of  Ra using a finite-difference 
scheme for an isothermal sphere. 

However,  very little work has been performed for 
the problem of unsteady free convection from a sphere 
which is embedded in a porous medium and, 1:o our 
knowledge, there are only three recent papers on this 
problem. Sano and Okihara [7] have studied the tran- 
sient case using asymptotic solutions in terms of  small 
Ra, Nguyen and Paik [8] have investigated numeri- 
cally the unsteady mixed convection from a sphere 
in a porous medium saturated with water using a 
Chebyshev-Legeure spectral method, whilst Miloh 
and Tyvand [9] have analysed the development of  the 
initial free convection around an isothermal sphere in 
a porous medium by the method of  matched asymp- 
totic expansions. The Rayleigh number Ra is assumed 
to be large, but finite, and the solution is only obtained 
for small values of  time. 

The present study is carried out to investigate the 
transient nature of  free convection associated with a 
sphere which is embedded in a fluid-saturated porous 
medium and whose surface is impulsively changed to 
a constant temperature or constant heat flux. The 
Rayleigh number is assumed to be finite so that no 
simplifying assumptions, other than the Darcy-  
Boussinesq approximation, are made in the coupled 
momentum and energy equations. These equations 
are properly transformed and solved using a method 
similar to that proposed by Riley [10]. The cal- 
culations are extended to a sufficiently large time such 
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NOMENCLATURE 

a radius of the sphere 
g acceleration due to gravity 
k effective thermal conductivity of the 

fluid-saturated porous medium 
K permeability 
N u  overall Nussett number defined in 

equation (24) 
q heat flux 
Q overall heat transfer 
r non-dimensional radial coordinate 
Ra modified Rayleigh number 
t non-dimensional time defined in 

equation (5) 
T non-dimensional fluid temperature 

defined in equation (5) 
u non-dimensional velocity in the r 

direction defined in equation (5) 
U0 characteristic velocity defined in 

equation (5) 
v non-dimensional velocity in the 0 

direction defined in equation (5) 
x variable defined in equation (6). 

Greek symbols 
constant introduced in equation (6) 

that in the neighbourhood of the sphere the conditions 
are essentially steady and we are able to compare the 
results with those predicted by the boundary-layer 
theory of Pop and Ingham [6] for R a  >> 1. 

~m effective thermal diffusivity of the 
fluid-saturated porous medium 

fl thermal expansion coefficient 
6 mesh size 
A T characteristic temperature 
E prescribed tolerance 
q variable defined as ~/= x / t  ~2 

0 angular coordinate 
p variable introduced in equation (6) 
v kinematic viscosity 
cr ratio of composite material heat 

capacity to convective fluid heat 
capacity 

q~ azimuthal coordinate 
non-dimensional stream function 
defined in equation (1). 

Superscripts 
dimensional variables 

' differentiation with respect to q 
m iteration order. 

Subscripts 
w wall condition 

ambient condition. 

constant and the Darcy-Boussinesq approximation 
holds, then the non-dimensional governing equations 

2. GOVERNING EQUATIONS 

Consider a sphere of radius a, which is immersed in 
a fluid-saturated porous medium which is at a con- 
stant temperature T~. Suppose that initially the sphere 
has the same temperature as the porous medium and, 
at t ime/ -=  0, it is suddenly heated and subsequently 
maintained (i) at a constant temperature Tw( > T~), 
or (ii) at a constant heat flux qw. 

A spherical polar coordinate system (~, 0, ~b), with 
the origin at the centre of the sphere, is chosen with 
0 = 0 vertically upwards, as shown in Fig. 1. Both 
the flow and temperature are assumed to be axially 
symmetrical and hence independent of the azimuthal 
coordinate ~b. The fluid motion is described by radial 
and transversal velocity components (~7, ~) in a plane 
through the axis of symmetry. The velocity com- 
ponents are expressed in terms of a dimensionless 
stream function ~O(r, 0) by the equations 

1 04, 1 04, 
U - r  2sin0 00 v rs in0 0 r '  (1) 

If the physical properties of the fluid are assumed 

g 
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1 
Fig. 1. Physical model and coordinate system. 
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in terms of the stream function ~b and temperature T 
can be written as 

o(3T+ cos0 OT} 
Vzo = rsin0 sin ~-r r frO 

Z + r-~si~ ( ~  (3r a~ gO 3 

l I ! { ~  c°tO(3~} 1 
= R a  V ~ T +  + - r 

where 

O 2 1 (32 cot 0 (3 

Vl2=(3r ~ + r  2 002 r 2 (30" 

The dimensionless variables are defined as 

t =  UoF/(a~r) r=e /a  u=fe/Uo, v=O/Uo 
.] case (i) T =  ( T - T ~ ) / A T  Uo =gKflAT/v 
Lcase (ii) T = ( T -  T~)/(qwa/k) Uo = gK3q~a/(kv) 

(5) 

where k is the effective thermal conductivity of the 
fluid-saturated porous medium, K the permeability 
of the porous medium, fl the coefficient of thermal 
expansion, a the ratio of the composite material heat 
capacity to the convective fluid heat capacity, v the 
ldnematic viscosity of the fluid, g the acceleration 
due to gravity, U0 the characteristic velocity, 
AT = Tw-T~,  Ra = Uoa/a~ the modified Rayleigh 
number and e~ the effective thermal diffusivity of the 
fluid-saturated porous medium. 

Since the flow experiences larger gradients near the 
surface of the sphere and in particular near its upper 
pole similar to that described by Riley [10], we intro- 
duce the following transformation : 

o{ 
r ~+1 0 = 2sin-l # 

1--x 

where ~ is a constant which, to some extent, can be 
used to control the mesh density distribution when we 
'.set up the finite-difference scheme. Equations (2) and 
(3) become, in terms of the new variables (x, #), 

= 1 - f  { [ (a -  1)x+ 1 ] ~  v~0 4~#~ 1_-~- ~ 

~(1-2#  2) (3T} 
+ 4# (1 -x )  

~2 (3T a(l - x )  2 
+ 

( l - x )  2 0t 4[(~-  1)x+ 112# 

{ ~ a T  (3tp(3_#T} 1 [ 2c¢(1--x) 
× (3x (3x =Raa V~T+ ( c~ - l )x+ l  

{aT ~0-2# =) a,}] 
× ~ + 4#(1 - ~ - ] - ) x +  1] ~ (8) 

(2) respectively, where 

a 2 _x)  a V~ = (1-x)2~x2 -2(1  
Ox 

+ 4[(c¢- 1)x+ iI z # ~p . (9) 
(3) 

At t = 0, the sphere is heated to a higher tem- 
perature than the surrounding fluid, so that the heat 
transfer is dominated by diffusion in the initial stages 
until the convection is comparable with the diffusion. 

(4) It is likely at this early stage that the thickness of the 
heated layer near the surface is proportional to t ~/2 
and therefore during the initial stages we introduce 
the variables (r/, p), where r /= x/?/2. In terms of these 
new variables, equations (7) and (8) are transformed 
to 

V~k= 4# 2 ~ ) 1  -r / t  .' {(a-1)rlt~/2+l(3Tt U2 (3tl 

~(1--2# 2) (3T} 
+ 4 # 0 - t / t  ''2) ~ (10) 

a2 ~(3T q 07} 0c(l-t/tl'2) 2 

(1--rl?/2)2[(3t 2 t ~  + 4#t~/2[(e- 1)t/?:2 + 1] 2 

(30 (3T (30 
x ~p 8~ (3~ -- Ra 

×[V~T+ 2°t(1-tlt~/2) { 1 ~T 
(~ -  1)t/t 1/2 + 1 t 1/2 (3r/ 

c~(1-2# 2) (37}1 
+ 4[(a_ 1)r/t./2 + 1]#(1 _ qt,/2) ~ (11) 

respectively, where 

(6) V ~ -  (l-r/t~:2)2 02 2(1-r / t  ~/2) 8 

t Oft 2 t ~/2 (3t l 

+ 4[ (@--  1)? / t  ' /2  "F- 112 # ~ , (12)  

At the initial instant, t ~ 0, we require 

t p = T = 0 ,  r />0 ,  0 4 # ~ < 1 .  (13) 

For t > 0, we have for the constant temperature case 
(7) (i), namely 

O = 0 ,  T =  1, x = 0 ( r / = 0 )  (14) 

and for the constant heat flux case (ii) 

0 = 0 ,  c ~ - = - - l  ~ = - - a , N = - ~ t  1'2 , 

x - - 0 ( t / = 0 )  (15) 
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and at r = vc, which corresponds to x = 1, for both 
cases we set 

T = O x \  aqJ 0. x =  1, ( r / = t  "2). (16) 

Finally, the symmetrical boundary conditions are 

~b=0,  /~=0 ,1 ,  O < ~ x < ~ l ( O ~ f l ~ t  12) (17) 

and 

(?T 
- - = 0 ,  # = 0 ,  0 ~ < x ~ < l ( 0 ~ < q ~ < t  ~.2). (18) 
0~ 

The corresponding boundary conditions for T at 
# = ! are not so obvious and we will return to this 
point in the next section. 

The solution of  equations (10) and (11) in case (i) 
can be expanded for small values of  t and may, to 
leading order, be expressed as 

L9 = 4t'  2#2(1--tl2)./~)(q), T =  T~)(q) (19) 

where f)  and To satisfy the equations 

.fo = :~TI> 2To +~2RaqTi) = 0 (20) 

which have to be solved subject to the boundary con- 
ditions 

jo(0) = 0, To(0) = I, /"~)(oc,) = 0, To(~)  = 0 

(21) 

where primes denote differentiation with respect to r/. 
The solution of  equations (20), subject to boundary 

conditions (21), can be expressed as 

[o01) = ~q erfc(c~Ra" 2q/2) 

I 2 , 2 
-~ + ~ ( l - e x p ( - ~ - R a q  /4)) (22) 

x/Rare 

L To(q) = erfc(ctRa~'2fl/2) 

where erfc() is the complementary error function. 
Finally, the overall heat transfer from the sphere 

can be calculated as, 

P~ 

e = _ 2 r c a k A V  ] ?T  j0 ?,r ~: i sin 0 dO (23) 

and therefore the overall Nusselt number is given by 

Nu = - 2~z f [  aT  ~r r= ~ sin 0 dO (24) 

where Nu = Q/ka AT. From equation (22), expression 
(24) becomes 

Nu ~ 4(reRa/t) ~'2 (25) 

for small values of  t. 
The solution of  equations (10) and (11) in case (ii) 

can also be expanded for small values of  t and may, 
to leading order, be expressed as 

tp = 4t#2(1--#z).f0(q), T =  c~l"2To(q) (26) 

where ~ and ic0 satisfy the equations 

.f['~=:~27~o, 2T~+c~2Ra(qT[, T 0 ) = 0  (27) 

which have to be solved subject to the boundary con- 
ditions 

L(0)=0 ,  ~ ; ( 0 ) = - 1 .  f ; ( ~ ) = 0 ,  L , ( ~ ) = 0 .  

(28) 

The solution of  equations (27). subject to boundary 
conditions (28), can be expressed as 

£ ' (q)  = - ( ; a  ~2r12 
+ ~ } e r f c  (aRa I 2fl,:2) 

+ ~ . = ~ e x p (  c~-Rafl2/4)+ R~a 
x/ Ran 

To (r/) = - r/erfc(:~Ra I2 rl/2) 

2 
+ - , e x p ( -  :~2 Raq2/4). 

o:x/ RaTr 

(29) 

The dimensionless temperature at the surface of  the 
sphere is now given by 

t ~,'2 

Tw(/ )=2f~zRa} . (30) 

3. NUMERICAL TECHNIQUE 

Equations (7) and (8) or (10) and (11) are now solved 
numerically using a standard finite-difference scheme, 
subject to the boundary conditions (13)-(18). Since the 
numerical techniques used to solve these two systems of 
equations are very similar to each other we will only 
describe that for solving equations (7) and (8). 

First, if 6x(6r/) and 6/~ represent the mesh size in 
the x(r/) and # directions, respectively, then the con- 
stant grid lines are x, = i &x (q~ = i 6fl), i = O. I, 2 . . . .  
M, and #; =. j6#,  j = 0, 1, 2 . . . .  N, and if further we 
use 6t to represent the increment in the t direction 
then t, = n dr, n = 1, 2 . . . .  We can now represent any 
variable, say Z, at the point (x, #, t) = (x~, # ,  t,,) by )~;.,,,,. 
If we implement the symmetrical condition for T at 
0 = n, namely gT/~O = 0 at 0 = re, then we find that 
it is not obvious to obtain a condition on #T:@ since 
at/~ = I~?T/@ = 0 is satisfied by any finite value of  
T. as may be verified from equation (6). However, 
following Riley [10], if we expand T =  T(O) about 
0 = re then we have 

I 
L.~ , , , = L ~ , + ' ( 0 ~  ~ n)2T','~,,,+" 

.T,,, ,,, T,,.,,+~(O~ 2-n)-'TZ,,,+ 
(31) 

where the prime denotes differentiation with respect 
to 0, 0j = 2sin ~(jcS#), and we have used the fact that 
T[v,,, = 0. F rom equation (31) we have 
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' r  : I =I 

(32) 

For small values of  0--  x it may be shown from equa- 
tion (6) that ( a - 0 ~  ~)2 = lap /2  so equation (32) gives 

7;,x,, = 2T,..,, , , . -  T,.x-2., (33) 

as the symmetrical boundary condition upon T at the 
lower pole of  the sphere. 

In order to start our finite-difference calculations, 
the solutions which are valid for small values of  t, 
namely expressions (22) and (29), are first calculated 
numerically and then the values of 4' and T at t = at, 
as obtained from expressions (19) and (26), are used 
as the initial conditions for the constant temperature 
and the constant heat flux cases, respectively. F rom 
the analytic solution at t = at, the solutions of  the full 
equations (7) and (8) or (10) and (11) are stepped 
torward in time using the Crank-Nicolson  scheme 
which is numerically stable for any size of  fit and 
we now describe briefly the technique employed for 
equations (7) and (8) only, as the scheme is quite 
standard and equations (10) and (11) are solved in a 
similar manner. 

Before equations (7) and (8) are solved numerically, 
an initial condition is required. At the initial stage, 
i.e. at t = at, the numerical values of  4' and T from 
expression (19) are used. First we consider equation 
~7). This equation only contains t as a parameter and 
as a consequence all the derivatives are evaluated at 
~ ' - , (S t .  using the central-difference scheme. This 
results in a set of  finite-difference equations for 4' 
which are solved using point relaxation and in the 
iteration process for 4' the most updated values of  4' 
and T on the adjacent points to (x,y) = (x,  pj) are 
used. The Crank Nicolson scheme is used for equa- 
l;ion (8). The derivatives of  T are discretized in the 
~asual way at both t = ( n -  1)at and t = nat, whilst all 
~Lhe coefficients involved in equation (8) are evaluated 
.,at l =  ( n - 1 / 2 ) a t  and the information at t = at is 
obtained from expression (19). Once the information 
at t - (n 1)at is obtained, the discretized form of 
equation (8) is solved at t = nat. Again, the point 
relaxation technique is used obtain solutions for T at 
f = m3t : the most updated values of  T and 4' around 
the mesh point at which T,j.,, are sought are used. The 
above iteration procedure is repeated at t = nat until 
a certain preassigned criteria for convergence is satis- 
lied, namely, if" 4'"", 4'!"'+ l> and 7 v'~, 7 ' ' +  ~/, which are 
successive iterates for 4' and Ta t  t = nat, respectively, 
then we say that the numerical solution has converged 
when the following criteria are satisfied 

X {14'~'"'-4' ' .... " I + I T ~ " - T ' " ' - " I  ~, < ~: (34) 

where c is prescribed tolerance and the summation 
takes place over all the mesh points. For  the steady- 
state solution, the above procedure is carried out until - .  

t is sufficiently large that the solutions for two suc- 
cessive time steps are almost identical. 

4. RESULTS AND DISCUSSION 

Numerical results were obtained for both the con- 
stant temperature and constant heat flux cases for 
0.01 ~< Ra <~ 200, and the mesh sizes and the constant 
ct for the calculations presented in this paper vary with 
Rayleigh number and are shown in Table 1. 

The numerical result is found to be more sensitive 
to the mesh size in the x- or q-direction that to that in 
the #-direction and in all the situations shown in this 
paper we found that any further decrease in the mesh 
sizes results in no significant differences in the numeri- 
cal solution. The tolerance, s, for all the calculations 
was chosen to be 10 -s, but the results found when 
using a smaller value did not graphically produce any 
difference. Instead of  just performing a few time steps 
for solving equations (11) and (12) during the early 
stages of the heat conduction, we solved these equa- 
tions up to t = 1 and then the iteration procedure was 
switched to equations (7) and (8). 

Figure 2 shows the instantaneous streamlines for 
Ra = 50 at time t = 1, 3, 6, 10, 15 and 50. In each 
diagram, the left-hand half of  each figure is for the 
constant temperature case, whilst the right-hand half 
is for the constant heat flux case. We observed that 
the flow field for the two cases considered are quite 
different from each other with, at a given value of  Ra, 
the flow motion in the vicinity of  the sphere at a given 
time t for the constant temperature case being much 
stronger than that for the constant heat flux case. In 
the early stages, the fluid motion is mainly confined 
to the vicinity of  the sphere, whilst at later times, due 
to the convection from the sphere, the flow motion 
spreads outwards and upwards. F rom about t = 10, 
the flow pattern very close to the sphere does not 
change very much, as can be observed from Fig. 2(a), 
(e) and (f) but there is a large difference far away from 
the sphere, as can be seen from Fig. 2(e) and (f). The 
steady state may never be reached, but, after a long 
time, the flow near the sphere will approach a steady- 
state situation. 

In order to demonstrate how the heat conduction 
develops with time, Fig. 3 shows the isothermal line 
T - 0 . 2  for Ra = 1, 5, 10, 50, 100 and 200 at time 
t = 1, 3, 6, 10 and 15 for both flow cases considered. 
The left-hand half of  each figure is for the constant 
temperature cases, whilst the right-hand half is for the 

Table 1. The mesh sizes and values of :~ 

Ra fix fi~ 6p 6r 

0.01 5 1/60 1/%0 1/40 1:'20 I 
5 50 1/80 1.,'80 1/60 1/20 1.5 

50 1:120 1/120 1/60 1:20 4 
100 1/140 1/140 1/70 1;20 4~-5 
200 1.160 1/160 1.780 1'20 4- 5 
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! 
0 4 

(f) 
Fig.  2. The instantaneous streamlines for Ra = 50 at different times: (a)  t = 1, (b)  t = 3, (c) t = 6, (d)  

t = 1 0 , ( e )  t =  15,(f) t = 5 0 .  

cons tan t  heat  flux case. Again,  we observe tha t  the 
convect ion for the cons tan t  tempera ture  case is s t ron-  
ger than  that  for the cons tan t  heat  flux case. For  
relatively small values of  Ra,  e.g. R a  = 1, even at 
t = 15, the isothermal  line T = 0.2 still looks circular, 
as can be seen from Fig. 3(a). As the value of  R a  

increases, convect ion starts to become more  impor t an t  
and  for Ra  >1 50 we observed a very clear cap of  the 

plume f rom abou t  t = 10 which travels upwards  as 
the convect ion process continues.  For  Ra  = 1, 5 and 
10, the t ime at which the cap of  the plume appears  
(for T = 0.2) may be greater  than  t = 50, which is 
the largest t ime for which the calculat ions have been 
performed. 

For  the cons tan t  tempera ture  case, Fig. 4 shows the 
overall  Nussel t  n u m b e r  as a funct ion of  t for Ra  = 1, 
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(b )  (a) 

(c) (d) 

I 
f 

f 
f 
f ) 

( e )  ( f )  

Fig. 3. The development of the isothermal line T = 0.2. For each diagram and the lines from the top are 
for t = 15, 10, 6, 3 and 1, respectively: (a) Ra = 1, (b) Ra = 5, (c) Ra = 10, (d) Ra = 50, (e) Ra = 100, (f) 

Ra = 200. 

5, 10, 50, 100 and 200, together with the leading order 
variation of  N u  for R a  = 10 and 50 as obtained for 
small values of  t using expression (25). Clearly, for 
small values of  t expression (25) gives a good approxi- 
mation to the full numerical solution. It is observed 
that the value of  the overall Nusselt number N u  settles 
down very quickly after t = 5 and this suggests that 
the local heat convection has reached its asymptotic 
',;ready state'. However, it is interesting to note that, for 

Ra  = 10, 50, 100 and 200, the overall Nusselt number 
appears to decrease from its value at time t = 0 and 
reaches a minimum value which is below its 'steady- 
state' value and then it starts to increase slightly 
towards its 'steady-state'  value. But, if  the Rayleigh 
number is sufficiently small, the overall Nusselt num- 
ber monotonically decreases towards its 'steady-state'  
value. It is interesting to note that in the numerical 
investigation of  the heat transfer from a sphere for a 
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3 2 0 . ~  m Ra=l  

'~ • Ra=5 
',,~ • Ra=10 

240-k \~  i Ra=50 
- \  "~  • Ra=100 

.  a-- 00 

;~ __ \ , \ .......... Ra=50,  analytical 
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! ~  . .,o~ 
0 i ; i r I I I I I  I i I ~ I I I I I 1 [  ' r i I 

0.1 1.0 10.0 

t 
Fig. 4. Overall Nusselt number as a function of t for R a  = 1, 

5, 10, 50, 100 and 200. 

I00 . . . . . . . . . .  

current  results 
.......... Pop & Ingham [6], large Ra ~ :  

80- _ ....... Yamamot  

60- 

Z 

40- 

20- 

0 ' ~ ~ '~'1 '~ '~ '~'1 '~ '~ 'F'I ,r ,~, I ,i 
0.01 0.1 1.0 10.0 100.0 

Ra 
Fig. 5. Comparison of the overall Nusselt number for t = 50 

with that of Pop and lngham [6] and Yamamoto [3]. 

Newton ian  flow, Riley [10] also noticed tha t  there 
exists a m in imum value of  Nu. 

In order to obta in  the 's teady-state '  solution, the 
time forward numerical  procedure was carried out  
until  the solution near  the sphere at two consecutive 
time steps are a lmost  identical, a l though  as we have 
already ment ioned,  physically the real ' s teady-state '  
may never be achieved. In all cases we considered, the 
value of  t was found to be greater than  15 and  this 
value depends on the value of  Ra. However,  for all 
the results presented in this paper  the value of  t f rom 
which the solution near  the sphere is t reated as being 
steady is taken to be 50. Figure 5 shows the overall 

Nusselt  n u m b e r  at  t = 50 as a funct ion of  Ra for the 
cons tant  tempera ture  case, together  with the results 
obta ined by Y a m a m o t o  [3] for small Ra and by Pop 
and  Ingham [6] using a boundary- layer  method  where 
the steady-state equat ions were considered. We see 
tha t  the results obta ined in the present investigation 
are in very good agreement  with those obta ined  by 
Pop and  Ingham [6], and  this agreement  becomes 
better  as Ra increases, and  those of  Y a m a m o t o  [3] 
for small values of  Ra. It is interesting to note that  
a l though the result of  Y a m a m o t o  [3] was initially 
obta ined for Ra << 1, Fig. 5 shows that  it is a good 
approx imat ion  for values of  Ra up to abou t  2. 

Figure 6 shows the temperature  distr ibut ion at the 
upper  pole of  the sphere as a function o f r  for Ra = 10, 
50 and 100 at different times and, as we have already 
noted, the convect ion in the cons tant  tempera ture  case 
is s tronger than  that  in the cons tant  heat  flux case. At  
small values of Ra, say Ra = 10, see Fig. 6(a), the 
temperature  dis t r ibut ions are quite smooth  and  the 
non-zero temperature  field is typically confined to a 
region which is close to the sphere for small values of  
t. For  larger values of  Ra, it can be seen clearly tha t  
there is a front  of  heat  travelling upwards,  and beyond 
this the tempera ture  is virtually zero. There are rela- 
tively large changes in bo th  ~ and T in  the front  region 
and  the n u m b e r  of  mesh points in the that  region 
should therefore be relatively large in order  to obta in  
accurate solutions and that  was the reason for the 
in t roduct ion  of  the parameter  c~. Larger values of Ra 
and t usually require larger values of  ~ and smaller 
mesh sizes in the r-direction. The front  of  heat  travels 
upwards  as time increases and at the same time the 
temperature  at this f ront  decreases. We also noted 
that  in the cons tan t  temperature  case and for a given 
time, the larger the value of Ra the fur ther  the front  
travels in a given time. Whilst  in the cons tan t  heat  flux 
case, the larger the value of  Ra the slower the front  
travels, as can be observed from Fig. 6 : this can also 
be seen from Fig. 3 where the isothermal  line ( T = 0.2) 
is plot ted for various values of  Ra and t. 

It should also be noted that ,  for a given value of  
Ra, as t increases, the temperature vertically above the 
sphere along the line 0 = 0 starts to oscillate. The time 
at which the oscillation starts varies with the value of 
Ra; the larger the value of Ra, the earlier the oscil- 
lat ion starts. For  Ra = 100, this oscillation starts at  
abou t  t -- 10 in the cons tan t  tempera ture  case, as can 
be seen from Fig. 6(c). It is also observed that  once 
this oscillation starts it always occurs at later times. 
The oscillation starts at a later time in the cons tant  
heat  flux case than  tha t  in the cons tan t  temperature  
case since the convect ion in this case is much  weaker, 
as we have already ment ioned,  and  for Ra = 100 there 
is still no oscillation at t = 50, as can be seen from 
Fig. 6(c). We believe tha t  this oscillation p h e n o m e n o n  
is p robably  due to a physical instabili ty of  the problem 
and fur ther  investigations are required to clarify this. 
It is also interesting to note  tha t  in a similar inves- 
t igat ion of  the free convect ion Newton ian  flow from 
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Fig. 6. The temperature distribution as a function of r at the upper pole at different times: (a) Ra = 10, 
(b) Ra = 50, (c) Ra = 100. 

a sphere by Riley [10], oscillations in temperature 
vertically above the sphere along 0 = 0 are also 
reported for large values of  t. 

Figure 7 shows the variation of temperature on the 
surface of  the sphere as a function of  0 at different 
time for Ra = 10, 50 and 100 for the constant heat 
flux case. The first thing we observed is that the 
maximum and minimum temperature is always at the 
top (0 = 0) and bot tom (0 = ~), respectively. Further, 
it is seen that the temperature for small values of  Ra 
settles down much more slowly than that for large 
wdues of  Ra with the temperature reaching its asymp- 
totic value at about t = 25 for Ra = 10, at about 
t = 15 for Ra = 50, and for Ra = 50 and 100 the tem- 
perature profile at t = 50 is almost identical to that at 
t = 15. It is also interesting to note that the 'steady- 
state' temperature for small values of Ra is higher 
than that for larger values of  Ra. 

Figure 8 shows the temperature, T~, at both the 
lower pole ((r,O)= (1,~)) and the upper pole 
((r, 0) = (1,0)) of  the sphere as a function of  Ra at 
time t = 50, which is sufficiently large for the flow 
near to the sphere to be considered as being in 'steady- 
state'. It is clear that Tw decreases as the value of Ra 
increases, as we have already seen from Fig. 7. This is 
expected since for large values of  Ra the convection is 
strong, and as a result more heat is convected away 
from the sphere, and the temperature on the surface 
is, therefore, lower than that for small values of  Ra. 
The larger the value of  Ra the lower the surface tem- 
perature and one can vary the value of  Ra, or the heat 
flux, in order to obtain a desired surface temperature. 
The temperature difference between the upper and 
lower poles is very small for small values of  Ra but as 
the value of Ra increases, convection becomes more 
important  and as a result this difference becomes 



902 B. YAN et al. 

(a) 
1 . 0 -  - 

[] t=3 

0 ~ \  o t=6 I 
.8- ~ \  , t=10 ' 

~ ' ~  , t=15 

~ .... t=25 i 
[.~ 0 . 6 - ~ , ~ x ~  • t=50 , 

0 . 4  

0.2 ~ ~ r , i 
0 0.5~ 7v 

0 

(b) 

0.6- 

0.4- 

0.2 

[] t=3 
0 t=6 

\ ~ t=lO 
\ , t=15 

\ \  o t = 2 5  

• t=50 

0 0.57r ~r 

0 

0 . 6  . . . . . .  

(c) 

~, [] t=3 i i 
0.5- \ ® t=6 i 

\ . t=lO ! 
\ i t = 1 5  i 

0.4- ~ o t=25 : 

0.3- 

0.2- 

i 
i 

O.l ' F r I 

0 0.5rr 

8 
Fig. 7. Variations of the temperature on the surface of the sphere as a function of 0 in the constant heat 

flux case: (a) Ra = 10, (b) Ra = 50. (c) Ra = 100. 

1.2 . . . . .  

0 . 8 -  

0.4- 

0.0 

0.0t 

upper pole (r, 0)=(1, O) .... ! 
.......... lower  pole (r, O)=(l, rr)  ....... I 

i 
f ~ 1  P d i I ~ ~ J l  f 

0.1 1.0 10.0 100.0 

Ra 

Fig. 8. The surface temperature as a function of Ra at the 
upper and lower poles of the sphere for t = 50. 

larger. This difference in temperatures then does not 
vary much for Ra > 0(1). 

In order to see details of  the temperature dis- 
tribution at large times, Fig. 9 shows the steady iso- 
thermal lines, or more precisely those at t = 50, for 
Ra = 50 in the vicinity of  the sphere for both the 
constant temperature and constant heat flux cases. It 
is observed from the constant temperature situation 
that even at t = 50 the front of  the heat is still very 
strong. The small bulge behind the front represents 
the oscillation phenomenon mentioned earlier and 
oscillation starts at about t = 25. In the constant heat 
flux case, the heat is confined in a much smaller region 
than that in the constant temperature case and no 
oscillations in temperature are detected up to a time 
t = 50. 
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